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CP-violating asymmetries in the decay B0(t) → π+π− are a potentially
rich source of information about both strong and weak phases. In a pre-
vious treatment by the present authors use was made of an assumption
about the relative magnitude of tree and penguin amplitudes contribut-
ing to this process. This assumption involved an ambiguity in relating the
tree amplitude to the amplitude for B → πℓν. It is shown here that one
can avoid this assumption, which adopted a particular convention for tree
and penguin amplitudes, and that the results are convention-independent.
PACS codes: 12.15.Hh, 12.15.Ji, 13.25.Hw, 14.40.Nd
I Introduction
The study of CP-violating asymmetries in the decays B0(t) → π+π− has reached
an interesting stage. Two collaborations working at asymmetric B factories, the
Babar Collaboration at PEP-II (Stanford) [1] and the Belle Collaboration at KEK-B
(Tsukuba, Japan) [2] have both reported measurements of time-dependent asym-
metries in this process and its charge-conjugate which are potentially rich sources of
information of both strong and weak phases. The weak phases are those of elements in
the Cabibbo-Kobayashi-Maskawa (CKM) matrix describing the weak charge-changing
couplings of quarks. At present these phases provide a satisfactory description of all
observed CP-violating phenomena in both K and B decays.
In a previous article [3] (for a more complete discussion, see also [4]), we analyzed
these CP-violating asymmetries using assumptions which included knowledge of the
ratio of tree and penguin amplitudes [5, 6]. This knowledge was obtained from other
processes using the factorization hypothesis. However, the nature of the tree ampli-
tude and the value of the above ratio depended on our convention for defining the tree
and penguin amplitudes, leading to some indeterminacy in the result. Certain aspects
of ambiguities following from the penguin amplitude convention were discussed earlier
in [7, 8, 9], and recently in [10].
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In the present paper we find that one can obtain useful information from CP-
violating asymmetries in B0 → π+π− independently of the penguin amplitude con-
vention, and without prior knowledge of the tree/penguin ratio. Some sacrifice in
statistical power unavoidably occurs, so that determination of the weak phase α = φ2
to better than 10◦ is difficult without additional assumptions. Thus, ∆α ≃ 10◦ seems
to be an estimate of the theoretical systematic error of the present method. This
would still represent an improvement with respect to the present situation, in which
we estimated α to be determined only within a 50◦ range [3].
The data which we use in the present determination consist of the charge-averaged
branching ratio Bpipi, the time-dependent asymmetries Spipi and Cpipi which are coef-
ficients of sin∆mt and cos∆mt, and the charge-averaged branching ratio B(B± →
Kπ±). Similar inputs were also advocated in a previous analysis by Charles [11],
which differs in details of correction factors and which presents results in terms of the
ρ and η variables of the CKM matrix [12] rather than in terms of the phase α.
The paper is organized as follows. We introduce two different amplitude conven-
tions in Section II. We show that, while the tree amplitudes in the two conventions
are different, the corresponding penguin amplitudes are essentially the same, up to a
simple CKM factor. We write down a dictionary relating the magnitudes and strong
phases of corresponding tree amplitudes. In Section III we specify our assumptions
and explain the method for determining the weak phases γ or α, as well as the relevant
strong phase, by including information about the penguin amplitude in B+ → K0π+.
The only required assumptions are penguin dominance of this amplitude and factor-
ization of penguin amplitudes. We also summarize the present relevant experimental
data. In Section IV we then plot the two measured CP-violating asymmetries as func-
tions of strong and weak phases. We also plot relations between strong phases in the
two conventions. While no use is made in this study of a prior knowledge of the ratio
of tree and penguin amplitudes, this ratio could be used as a cross check and could
resolve a possible discrete ambiguity in determining the weak phase. Section V qual-
itatively compares uncertainties in evaluating this ratio in the two conventions using
other experimental inputs. Experimental prospects and conclusions are contained in
Section VI.
II Notations and conventions
The expressions for the decay amplitudes of B0 → π+π− and B
0
→ π+π− depend
on the convention employed. We now describe two different conventions used in the
literature, denoted c and t conventions, where c and t represent appropriate CKM
factors governing penguin amplitudes.
A. c convention
In the convention of Refs. [3, 4], one writes the decay amplitudes in terms of a
color-favored tree amplitude Tc and a penguin amplitude Pc as
A(B0 → π+π−) = −(|Tc|e
iδTc eiγ + |Pc|e
iδPc ) ,
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A(B
0
→ π+π−) = −(|Tc|e
iδTc e−iγ + |Pc|e
iδPc ) , (1)
where we use the definitions in [13] of weak phases α = φ2, β = φ1, and γ = φ3.
The strong phases of the tree and penguin amplitudes are δTc and δ
P
c , while δc ≡
δPc − δ
T
c . Here the subscript c refers to the convention in which the weak phase of the
strangeness-preserving (∆S = 0) penguin amplitude in b¯→ d¯qq¯ is defined to be that
of V ∗cbVcd. The top quark in the b¯→ d¯ loop diagram has been integrated out and the
unitarity relation V ∗tbVtd = −V
∗
cbVcd − V
∗
ubVud has been employed. The term −V
∗
ubVud
has been included in the tree amplitude, which has the same weak phase.
B. t convention
A different convention has been commonly employed in the past [14] and also
quite recently [15]. In this convention, one uses the unitarity relation in the form
V ∗cbVcd = −V
∗
tbVtd − V
∗
ubVud and assumes the penguin amplitude to be dominated by
the t quark term V ∗tbVtd. The tree amplitude, again, absorbs a penguin contribution
proportional to V ∗ubVud, but it is different than that in the previous convention. For
this convention we shall use a subscript t on all quantities. The expressions for the
decay amplitudes are then
A(B0 → π+π−) = −(|Tt|e
iδT
t eiγ + |Pt|e
iδP
t e−iβ) ,
A(B
0
→ π+π−) = −(|Tt|e
iδT
t e−iγ + |Pt|e
iδP
t eiβ) , (2)
where one denotes δt ≡ δ
P
t − δ
T
t .
C. Equivalence of the two conventions
It is obvious that the c and t conventions are equivalent. However, since in general
they imply different tree and penguin amplitudes, an assumption about the tree
amplitude in one convention is not equivalent to the same assumption in the other
convention. On the other hand, as we will show now, the penguin amplitudes in the
two conventions are equal, up to a trivial CKM factor. Let us write the amplitude
for B0 → π+π− in a most general form in terms of the three CKM factors and
corresponding three hadronic weak amplitudes Ai (i = u, c, t) involving strong phases:
A(B0 → π+π−) = V ∗ubVudAu + V
∗
cbVcdAc + V
∗
tbVtdAt . (3)
Using unitarity, this can be written in the c and t conventions as
A(B0 → π+π−) = V ∗ubVud(Au −At) + V
∗
cbVcd(Ac − At) (4)
= V ∗ubVud(Au −Ac) + V
∗
tbVtd(At − Ac) . (5)
Comparing the second terms in Eqs. (1) and (2) with the corresponding terms in
Eqs. (4) and (5), one finds a simple relation between the two penguin amplitudes:
|Pt|
|Pc|
=
|V ∗tbVtd|
|V ∗cbVcd|
=
sin γ
sinα
, δPt = δ
P
c . (6)
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Namely, the penguin amplitudes in the two conventions involve a common hadronic
matrix element At − Ac but different CKM factors.
On the other hand, the relation between tree amplitudes in the two conventions is
more complicated. It can be obtained by subtracting the first terms in Eqs. (1) and
(2) from each other and comparing with Eq. (4) or (5), in which the corresponding
difference is proportional to the penguin amplitudes, At −Ac,
|Tt|e
−iδt − |Tc|e
−iδc =
|V ∗ubVud|
|V ∗tbVtd|
|Pt| =
sin β
sin γ
|Pt| =
sin β
sinα
|Pc| . (7)
As a consequence of these relations, one has a “dictionary” relating the two conven-
tions, with
|Pt| sinα = |Pc| sin γ , |Tt| sin δt = |Tc| sin δc , (8)
Xt cos δt sin γ −Xc cos δc sinα = sin β , (9)
where we have defined Xc ≡ |Tc/Pc|, Xt ≡ |Tt/Pt|. One consequence of these relations
is
cot δt = cot δc +
sin β
Xc sinα sin δc
, (10)
which we shall use when relating δt to δc.
III Measurables in terms of weak and strong phases
In the present section we derive expressions for the two CP asymmetries in B0(t)→
π+π−, Spipi and Cpipi, in terms of a strong and a weak phase. For completeness, expres-
sions are given in the two equivalent conventions, which imply identical constraints on
α. These constraints do not require knowledge of the tree/penguin ratio. Information
about this ratio, which could resolve a certain discrete ambiguity in these constraints,
can be more useful in one convention than in the other. This question is discussed in
Section V.
The time-dependent rate of an initially produced B0 decaying to π+π− at time t
is given by [16]
Γ(B0(t)→ π+π−) ∝ e−Γdt [1 + Cpipi cos∆(mdt)− Spipi sin(∆mdt)] . (11)
The coefficients of sin∆mdt and cos∆mdt, measured in time-dependent CP asymme-
tries of π+π− states produced in asymmetric e+e− collisions at the Υ(4S), are
Spipi ≡
2Im(λpipi)
1 + |λpipi|2
, Cpipi ≡
1− |λpipi|
2
1 + |λpipi|2
, (12)
where
λpipi ≡ e
−2iβA(B
0
→ π+π−)
A(B0 → π+π−)
. (13)
The extraction of phases from data on Spipi and Cpipi now proceeds in the following
manner. As in Ref. [3], we define the charge-averaged branching ratio,
Bpipi ≡ [B(B
0 → π+π−) + B(B
0
→ π+π−)]/2 . (14)
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We use the convention
B(B0 → π+π−) = |A(B0 → π+π−)|2|~ppipi|τ0 , (15)
where |~ppipi| is the pion center-of-mass momentum and τ0 is the B
0 lifetime.
However, in contrast to the approach of Ref. [3], we no longer normalize this
branching ratio with respect to the corresponding tree value, which is convention-
dependent. Instead, we normalize all amplitudes by the penguin amplitude Pc or Pt,
which we have shown to be convention-independent, up to a CKM factor.
Using broken flavor SU(3) [17] and factorization, the magnitude of the penguin
amplitude is obtained from the |∆S| = 1 penguin amplitude P ′ which dominates the
decay B+ → K0π+ [18]. That is, our approach relies on neglecting both rescattering
effects in B+ → K0π+ and nonfactorizable contributions in penguin amplitudes.
Several ways of testing the first assumption were discussed in [19]. We note that
this assumption is also made in two detailed theoretical schemes for calculating weak
hadronic matrix elements [20, 21]. In the first scheme [20] factorization of penguin
amplitudes is assumed to hold to a good approximation and strong phases are small.
In the second framework [21] nonfactorizable terms in penguin amplitudes are strongly
suppressed, but strong phases are sizable. Thus, while it may seem natural to combine
the assumption of factorization of penguin amplitudes with small strong phases, we
will not rely on the latter assumption.
Within the above assumptions, one obtains for the penguin amplitude |Pi| (i = c, t)
an expression in terms of measurable quantities,
|Pi| =
fpi
fK
∣∣∣∣∣V
∗
ibVid
V ∗ibVis
∣∣∣∣∣ |P ′| , |P ′| = |A(B+ → K0π+)| . (16)
Here we use a convention similar to Eq. (15)
B(B+ → K0π+) ≡ |A(B+ → K0π+)|2|~pKpi|τ+ , (17)
where |~pKpi| is the π or K center-of-mass momentum and τ+ is the B
+ lifetime.
Applying Eqs. (15), (16) and (17), one finds for the normalized rates [22]
bi ≡
|A(B0 → π+π−)|2 + |A(B
0
→ π+π−)|2
2|Pi|2
=
Bpipi
B(B+ → K0π+)
∣∣∣∣∣V
∗
ibVis
V ∗ibVid
∣∣∣∣∣
2
f 2K
f 2pi
|~pKpi|
|~ppipi|
τ+
τ0
. (18)
The three measurables, Spipi, Cpipi and Bpipi/B(B
+ → K0π+) can then be expressed
in terms of the three parameters Xi, δi and a weak phase. We now display these
expressions for the two mentioned conventions.
A. c convention
In this convention one has
|Pc| =
fpi
fK
∣∣∣∣∣V
∗
cbVcd
V ∗cbVcs
∣∣∣∣∣ |P ′| = fpifK
λ
1− λ
2
2
|A(B+ → K0π+)| , (19)
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where λ = 0.22 is the parameter describing the hierarchy of CKM elements [12]. Then,
noting the weak and strong phases of Tc and Pc, and substituting α = π−β−γ when
convenient, we have
λpipi = e
2iα
(
Xc + e
iδceiγ
Xc + eiδce−iγ
)
, (20)
bc = X
2
c + 2Xc cos δc cos γ + 1 , (21)
bcSpipi = X
2
c sin 2α + 2Xc cos δc sin(β − α)− sin 2β , (22)
bcCpipi = 2Xc sin δc sin γ . (23)
One can use Eq. (21) to eliminate Xc using the experimental values of bc. Since bc is
a number significantly greater than 1 [see Eq. (33) below], only one solution of the
quadratic equation is relevant, and one finds
Xc = − cos δc cos γ +
√
(cos δc cos γ)2 + bc − 1 . (24)
This value can then be substituted into the equations (22) and (23) for Spipi and Cpipi
and the resulting values plotted against one another, e.g., as curves for specific values
of α parametrized by δc. We shall exhibit such curves in the next Section.
B. t convention
In the t convention, one has
|Pt| =
fpi
fK
∣∣∣∣∣V
∗
tbVtd
V ∗tbVts
∣∣∣∣∣ |P ′| =
∣∣∣∣ sin γsinα
∣∣∣∣ |Pc| ⇒ bt = bc
(
sinα
sin γ
)2
, (25)
λpipi =
Xte
iα − eiδt
Xte−iα − eiδt
, (26)
bt = X
2
t − 2Xt cos δt cosα + 1 , (27)
btSpipi = X
2
t sin 2α− 2Xt cos δt sinα , (28)
btCpipi = 2Xt sin δt sinα . (29)
In solving Eq. (27) for Xt one again takes the positive square root:
Xt = cos δt cosα+
√
(cos δt cosα)2 + bt − 1 . (30)
Here it is convenient to use the relation bt = bc(sinα/ sin γ)
2 since bc is most directly
related to an experimental input.
Again, one may substitute the value of Xt into the equations for Spipi and Cpipi and
plot them against one another. Moreover, in this convention one may also eliminate
both Xt and δt, thereby obtaining an equation for α alone in terms of measurable
quantities:
btSpipi =
1
2
sin 4α + (bt − 1) sin 2α
± cos 2α
√
sin2 2α + 4(bt − 1) sin
2 α− (btCpipi)2 . (31)
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Table I: Values of Spipi and Cpipi from Refs. [1, 2] and their averages.
Collab. Spipi Cpipi
BaBar −0.01± 0.37± 0.07 −0.02 ± 0.29± 0.07
Belle −1.21+0.38+0.16−0.27−0.13 −0.94
+0.31
−0.25 ± 0.09
Average −0.64± 0.26 −0.49± 0.21
This equation is derived in an analogous manner to one obtained recently for the
phase γ in terms of measurables in Bs(t)→ K
+K− and Bs → K
0K
0
[24].
C. Experimental inputs
The most recent measurements of Spipi and Cpipi [1, 2], together with our average of
them, are shown in Table I. (We have corrected the BaBar entry for Spipi misquoted
by us in Ref. [3].)
The present world averages of Bpipi and B(B
+ → K0π+), combining measurements
from the CLEO, Belle and BaBar collaborations, are [25]
Bpipi = (5.2± 0.6)× 10
−6 , B(B+ → K0π+) = (17.9± 1.7)× 10−6 . (32)
Adding errors in quadrature, using fpi = 130.7 MeV, fK = 159.8 MeV and τ+/τ0 =
1.068± 0.016 [23], we find for the normalized rate in Eq. (18)
bc = 9.04± 1.36 . (33)
IV CP-violating asymmetries
For a given value of bc, Eqs. (22)–(24) [or Eqs. (28)-(30)] can be used to plot Spipi and
Cpipi as functions of α and δc (or δt). The values of Spipi and Cpipi for the central and
±1σ values of the ratio bc in (33), and for values of α mostly lying within the physical
range [26] α = (97+30−21)
◦, are plotted in Fig. 1. (For other values of α see, e.g., Ref.
[3].) We use β = 26◦ based on the most recent average sin 2β = 0.78 ± 0.08 of Belle
[2] and BaBar [27] values; the ±4◦ error on β has little effect [3]. The large plotted
point corresponds to the average in Table I. As expected, the curves are identical in
the two conventions. The existence of two solutions for Spipi, for given values of bc, α
and Cpipi, can be easily understood. This follows from the ± sign in Eq. (31).
For strong phases δc or δt of 0 or π, the predictions for Spipi and Cpipi depend only on
bc and α. These points are marked with diamonds and squares, respectively. A strong
phase of π would signify a relative sign of tree and penguin amplitudes opposite to
that obtained from factorization. Such a phase is strongly disfavored relative to a zero
phase. For non-zero strong phases, the curves are identical in the two conventions,
but points on them correspond to different values of δc and δt. Examples are shown
for δc = π/2 (crosses) and δt = π/2 (fancy + signs).
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Figure 1: Plots of |Cpipi| versus Spipi for various values of bc. Top panel: bc = 7.7.
Middle panel: bc = 9.0. Bottom panel: bc = 10.4. Curves correspond, from left to
right, to values of α in 10◦ steps ranging from 120◦ to 60◦. The value β = 26◦ has
been chosen. Large plotted point corresponds to present average of BaBar and Belle
data (see text). Small plotted points: δc = δt = 0 (diamonds), δc = δt = π (squares),
δc = π/2 (crosses), δt = π/2 (fancy + signs).
8
If Cpipi is indeed small, as suggested by the BaBar data [1], α can be uncertain by
as much as about 30◦, depending on whether the strong phase is near 0 or π. This
is seen in Fig. 1, where for bc = 7.7 the curves for α = 90
◦ and α = 120◦ intersect
near the horizontal axis. In that case, additional theoretical input [20, 21] on strong
phases can help resolve the ambiguity. Theoretically, it is much more likely that the
strong phase is near 0 than near π. If the central value of Cpipi remains as large as
suggested by the present experimental average, the discrete ambiguity becomes less
of a problem. Nonetheless, as one can see from neighboring curves, even a very tiny
error ellipse in the (Spipi, Cpipi) plane will not be able to resolve values of α differing
by 10◦. This is a necessary price for giving up prior information on the tree/penguin
ratio.
The values of δc and δt do not differ very much from one another. When they are
close to π/2, their difference is close to maximal, but rarely exceeds 10◦, as shown in
Fig. 2. We used Eq. (10) in making these plots.
We have assumed factorization in obtaining the penguin amplitude. Any deviation
from factorization would result in a corrected value for bc, for which we have taken
a 15% error arising from experimental errors in branching ratios. This would be
equivalent to correcting the SU(3) breaking factor fK/fpi in Eq. (18) by 7.5%. That
is, even assuming perfect measurements of Bpipi and B(B
+ → K0π+), an irreducible
uncertainty would be associated with the assumption of factorization for penguin
amplitudes. If this uncertainty were 7.5%, we would obtain for perfect branching
ratio measurements the range of possibilities shown in Fig. 1.
Let us assume that this 7.5% is a reasonable estimate of the intrinsic possible
deviation from factorization. By comparing the three panels of Fig. 1, one sees that
if Cpipi is near its maximum, then Spipi is not very sensitive to the value of bc (and
hence to the factorization assumption), while if Cpipi is near zero, a given value of Spipi
corresponds to values of α differing by only a few degrees depending on the value of
bc (aside from the much-more-serious discrete ambiguity mentioned earlier). In either
case, the factorization assumption is not the source of the limiting error on α.
V Defining and using a tree/penguin ratio
Although we have shown that one does not need to know the tree/penguin ratio in
order to extract useful information from Bpipi, Spipi, and Cpipi, the error on α and the
strong phase δc or δt can be further reduced if one has some information on Xc or Xt.
In the present section we first give an example of how improved information would
help, and then discuss the more difficult questions of which parameter (Xc or Xt) is
capable of being specified more precisely and how one would go about doing so.
Let us take as an example an ambiguity associated with curves for α = 90◦
and 110◦ which intersect for the central value of bc = 9.0 around Spipi = −0.4 and
|Cpipi| = 0.4. These correspond to different values of Xc or Xt, as illustrated in Table
II. We also show two different values of α (90◦ and 119◦) giving rise to the same
values of Spipi for Cpipi = 0.
From these examples, one sees that specification of Xc or Xt with an error of
9
Figure 2: Relations between δc and δt for various values of α and bc.
Table II: Comparison of Xc and Xt values for pairs of α values giving the same Spipi
and Cpipi. Here we have taken bc = 9.04.
α Spipi |Cpipi| Xc δc Xt δt
90◦ −0.41 0.40 2.6 51◦ 3.2 44◦
110◦ −0.41 0.40 3.3 129◦ 4.1 122◦
90◦ −0.57 0.0 2.4 0◦ 3.2 0◦
119◦ −0.57 0.0 3.8 180◦ 4.9 180◦
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±0.3 would permit resolution of the ambiguity. In Ref. [3] we employed an estimate
Xc ≃ 3.6 with about a 25% error. Reduction of this error to about ±10% is needed
in order to have a significant impact on resolving the ambiguity exhibited in Table
II. Is such accuracy achievable?
Our estimate of bc involves a 15% error which consists of slightly less than 10% due
to that in B(B+ → K0π+), and slightly more than 10% due to that in Bpipi, added
in quadrature. Clearly these errors will shrink with improved statistics. However,
the determination of |Tc| from B → πℓν using factorization is problematic since
Tc ∼ Au−At [Eq. (4)] contains the short-distance penguin contribution involving the
top quark loop. It might seem more reliable to estimate Tt ∼ Au−Ac [Eq. (5)] using
factorization since its penguin contribution does not contain a large logarithm of mt.
This is in fact the method advocated in Ref. [15], in which a determination of Tt with
an accuracy of less than 6% was deemed feasible with about 500 B → πlν events. A
corresponding accuracy for |Pt| would require improved accuracy for B(B
+ → K0π+)
(which gives |Pc|, not |Pt|) and then using the relation (6), |Pt| = |Pc| sin γ/ sinα.
A potential problem with determining Tt using factorization is that while its con-
tamination from the short-distance penguin amplitude is less than that in Tc, there is
no corresponding guarantee for long-distance penguin contributions such as might be
introduced by rescattering from tree amplitudes, for example via B0 → D(∗)+D(∗)− →
π+π−. Other processes, such as B0 → K+K−, are expected to proceed mainly
via rescattering or else, if rescattering is unimportant, to be highly suppressed [19].
Present bounds on this last process are quite stringent [28]: B(B0 → K+K−) ≤
0.5 × 10−6. It may be that one must rely on theoretical treatments of factorization
(e.g., [20]) in order to specify |Tt| (or perhaps |Tc|) more precisely.
VI Experimental prospects and conclusions
We have shown that one can obtain useful information on weak and strong phases
by studying the observables in B0(t) → π+π− without having to define in advance
the ratio of tree and penguin amplitudes, and in a manner which is independent of
the convention adopted for the penguin amplitudes. These observables consist of the
flavor-averaged branching ratio Bpipi normalized by B(B
+ → K0π+) and the quantities
Spipi and Cpipi measured in time-dependent asymmetries. We consider only information
based on the magnitude of Cpipi; its sign determines the sign of the strong phase shift.
The degree of information obtainable without auxiliary tree/penguin information
can be estimated from the curves in Figure 1 and depends on whether |Cpipi| is near its
maximum value (the envelope of the curves) or zero. If |Cpipi| ≃ 0, important discrete
ambiguities in α exist, amounting to up to about 30◦, which must be resolved using
additional information on the tree/penguin ratio or on the strong phase. If |Cpipi| is
near its maximum, the error on α appears to depend roughly on the square root of the
error in |Cpipi|, as one can see by measuring how far from the envelope of the curves
the intersection point of two curves for different α values lies. Thus, two curves for α
differing by (10, 20, 30)◦ intersect at points about (0.04, 0.08, 0.18) below the envelope
along the |Cpipi| axis. To take one example, if one wants to distinguish between two
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curves for α differing by 20◦ (as in the example of Table II), one should be prepared
to measure |Cpipi| with an error of no more than ±0.08, which is about 2.6 times less
than the present error of ±0.21. One thus would need (2.6)2 times the data sample
(≃ 100 fb−1) on which Table I was based, or about 700 fb−1 from the total of BaBar
and Belle. This appears to be within the goals of the experiments. Errors on Spipi in
such a sample should be sufficiently small that they will not play a major role in the
errors in α.
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